Abstract. We give a short proof of a conjecture of Stipsicz on the minimality of fiber sums of Lefschetz fibrations, which was proved earlier by Usher. We then construct the first examples of genus g ≥ 2 Lefschetz fibrations on minimal symplectic 4-manifolds which admit unique decompositions as fiber sums.
Introduction
Despite the spectacular advancement in our understanding of the topology of symplectic 4-manifolds in the past couple of decades, we still lack even a surgical classification scheme. As the generalized fiber sum operation can be performed in the symplectic realm, symplectic 4-manifolds can be thought as sums of indecomposable ones. Although tracking this sort of data is usually very difficult, certain smooth information, such as minimality and Kodaira dimension of a symplectic 4-manifold is not out of reach [18, 19] . A more tractable set-up is when the symplectic 4-manifold is equipped with a Lefschetz fibration (and all can be, after blow-ups, by Donaldson's seminal work on the existence of Lefschetz pencils on symplectic 4-manifolds), where the decomposition is restricted to the standard fiber sum of Lefschetz fibrations: in this case, the sum always takes place along -square zero-fibers, and translates to a combinatorial problem of expressing a positive Dehn twist factorization of the identity in the mapping class group as a product of such subwords. This extra structure indeed allows one to stably classify symplectic 4-manifolds equipped with Lefschetz fibrations [1, 3] . The purpose of this note is to further explore the properties of fiber sum decompositions of symplectic 4-manifolds equipped with Lefschetz fibrations.
We call a Lefschetz fibration indecomposable, if it cannot be expressed as a fiber sum of two nontrivial Lefschetz fibrations. Indecomposable Lefschetz fibrations were first detected by Stipsicz in [14] , who proved that a relatively minimal Lefschetz fibration over the 2-sphere admitting a (−1)-section is fiber sum indecomposable (also see [12] ). Motivated by this, Stipsicz conjectured that in general a nonminimal 4-manifold cannot be a fiber sum of two non-trivial (i.e. with at least one singular fiber) relatively minimal Lefschetz fibrations [14, Conjecture 2.3] . This conjecture was later proved by Usher [18] , by a thorough analysis of the effect of the fiber sum operation on the Gromov invariants of the symplectic 4-manifold, where he made extensive use of relative Gromov invariants and gluings results due to Ionel and Parker. Relying on the additional Lefschetz fibration structure, we will provide a shorter and simpler proof of the same result, which is obtained in the same spirit as Stipsicz's original approach in the presence of (−1)-sections [14] and that of Sato's in the presence of (−1)-bisections of genus ≥ 2 Lefschetz fibrations [13] . This is given in Theorem 1 below. An immediate corollary we obtain is a recap of another result of Usher [19] in this setting, which can be formulated as "fiber sums of Lefschetz fibrations produce only symplectic 4-manifolds with positive Kodaira dimension"; see Corollary 3 below. These results are proved in Section 3.
Clearly, any Lefschetz fibration is a fiber sum of indecomposable ones, possibly with only one summand. In comparison with other prime decomposition theorems in low dimensional topology, it is natural to ask for which Lefschetz fibrations the summands, as smooth 4-manifolds, are uniquely determined. This is known to hold for genus 1 Lefschetz fibrations, in which case, the fibration on the elliptic surface E(n) decomposes exactly into n summands of E(1). However, such a unique prime decomposition result for Lefschetz fibrations (as much as it would have been wonderful to have it!) fails to hold once g ≥ 2; in fact, many examples with multiple decompositions can be produced by looking at the stable equivalence of Lefschetz fibrations under fiber sums with certain universal fibrations; see [3] .
Nevertheless, as reviewed above, Lefschetz fibrations on non-minimal 4-manifolds provide vacuous examples of uniquely decomposing genus g ≥ 2 fibrations. To the best of our knowledge, no such fibrations with more than one summand were known, nor were there examples of uniquely decomposing ones on minimal Lefschetz fibrations. Our second main theorem, Theorem 4, shows that for almost all g ≥ 1 (except possibly for a few small values of g), and for any given m ≥ 2, there are infinite families of genus g Lefschetz on minimal 4-manifolds which decompose uniquely into m indecomposable summands. Our proof of Theorem 4 will be based on Stipsicz's analysis of Lefschetz fibrations on ruled surfaces in [15] , and gives rise to a couple of interesting questions we pose at the end of Section 4. In the Appendix, we will revise and correct the proof of the main theorem of [15] we used here.
Preliminaries
In this article we will always work with closed, smooth, oriented 4-manifolds. A genus g Lefschetz fibration (X, f ) is a surjection f from a 4-manifold X onto S 2 that is a submersion on the complement of finitely many points p i , at which there are local complex coordinates (compatible with the orientations on X and S 2 ) with respect to which the map takes the form (z 1 , z 2 ) → z 1 z 2 , where the genus of a regular fiber F is g. We will moreover assume that all p i lie in distinct fibers; this can always be achieved after a small perturbation. We call a fibration nontrivial if it has at least one critical point, and relatively minimal, if there are no spheres of self-intersection −1 contained in the fibers. By the Gompf-Thurston construction, total spaces of nontrivial Lefschetz fibrations always admit symplectic forms with respect to which all regular fibers are symplectic.
A widely used way of constructing new Lefschetz fibrations from given ones is the fiber sum operation, defined as follows: Let (X i , f i ), i = 1, 2, be genus g Lefschetz fibrations with regular fiber F . The fiber sum (X 1 , f 1 )# F,Φ (X 2 , f 2 ) is a genus g Lefschetz fibration obtained by removing a fibered tubular neighborhood of a regular fiber from each (X i , f i ) and then identifying the resulting boundaries via a fiber-preserving, orientation-reversing diffeomorphism Φ. We drop Φ from the notation whenever the gluing is made so that the fibers are identified by the identity map on F , which is often called an untwisted fiber sum. A Lefschetz fibration (X, f ) is called indecomposable if it cannot be expressed as a fiber sum of any two nontrivial Lefschetz fibrations. Such fibrations can be regarded as prime building blocks of Lefschetz fibrations.
Lastly, let us review the notion of symplectic Kodaira dimension we will repeatedly refer to in our discussions. First, recall that a symplectic 4-manifold (X, ω) is called minimal if it does not contain any embedded symplectic sphere of square −1, and that it can always be blown-down to a minimal symplectic 4-manifold (X min , ω ′ ). Let κ Xmin be the canonical class of (X min , ω min ). We then define the symplectic Kodaira dimension of (X, ω), denoted by κ = κ(X, ω) as
Here κ is independent of the minimal model (X min , ω min ) and is a smooth invariant of the 4-manifold X.
The reader can turn to [5] for more on Lefschetz fibrations and to [10] for the symplectic Kodaira dimension.
Minimality and fiber sum decompositions
Here we prove Stipsicz's conjecture on the minimality of fiber sums of relatively minimal Lefschetz fibrations. Proof. Let X be a 4-manifold which is a fiber sum of two nontrivial relatively minimal genus g ≥ 1 Lefschetz fibrations, (X, f ) = (X 1 , f 1 ) # F,Φ (X 2 , f 2 ). By the nontriviality of the summands, the fiber F of (X, f ) is homologically essential even if the fiber genus is 1, and we can equip X with a Thurston-Gompf symplectic form ω which makes the fibers symplectic. In particular, all but finitely many fibers are irreducible J-holomorphic curves with respect to an almost complex structure J compatible with ω.
Assume that X admits an embedded symplectic sphere S of self-intersection (−1). As observed by Ohta and Ono [11] , there is an almost complex structure J ′ , arbitrarily close to J, for which both the irreducible fibers and S are J ′ -holomorphic. It follows that S is a (branched) multisection of (X, f ), i.e. it intersects all but finitely many fibers positively at exactly n = S · F points.
By isotoping S if necessary, we can assume that S decomposes as S = S 1 ∪ B S 2 where each S i is a (possibly disconnected) multisection of f i | Xi\ν(F ) with all the branched points in the interior. Thus, B = ∂S 1 = −∂S 2 is a disjoint union of n circles. Below, we will use the short-hand notation D k for a 2-sphere with k ≥ 1 disks removed, where Σ g denotes the closed orientable surface of genus g. Let
is a symplectic 4-manifold with b + > 1 for each i = 1, 2, as (X i , f i ) are assumed to be nontrivial [14] . In each "double" DX i , we also get a double of S i , which, by the decompositions above, yield
, and ,
. By the Seiberg-Witten adjunction inequality, the self-intersection of each one of the Σ g with g ≥ 1 component is bounded above by 2g − 2. On the other hand, each sphere component Σ 0 is bounded above by −1, since any homologically essential sphere (which is the case here, as each Σ 0 intersects the fiber at one point) in a symplectic 4-manifold with b + > 1 has negative self-intersection. Moreover, each Σ ki−1 = DD ki has self-intersection twice the number of that of D ki (rel its boundary), and the same goes for each Σ lj −1 . In particular, each sphere should have self-intersection ≤ −2.
Hence, we arrive at the inequality
So we get n ≥ r 1 + r 2 . However, B, which is a disjoint union of n circles, splits the 2-sphere S into n + 1 = r 1 + r 2 components. The contradiction implies that X could not admit such a symplectic (−1)-sphere S. The conclusion now follows from noting that symplectic minimality implies smooth minimality [2] .
Remark 2. We could also start the above proof with a smooth 2-sphere and prove smooth minimality directly. Instead of applying Ohta-Ono's result for symplectic 2-spheres, we would then need to discuss three different cases: It follows from Taubes' seminal work on the correspondence between Gromov and Seiberg-Witten invariants on symplectic 4-manifolds with b + > 1 that any smooth (−1)-sphere is homologous to one that is J-holomorphic [17] . The same holds when b + (X) = 1 and X is not rational or ruled [8] , whereas in the remaining case of rational or ruled surfaces, by considering the Seiberg-Witten invariant in the chamber of ω one can obtain an exceptional sphere (not necessarily homologous to a given one) with the same property.
An immediate result is a restriction on the symplectic topology of 4-manifolds that arise as fiber sums of Lefschetz fibrations: Corollary 3. A symplectic 4-manifold which is a fiber sum of two nontrivial relatively minimal Lefschetz fibrations cannot be a rational or a ruled surface, nor can have a torsion canonical class (i.e. cannot have κ ≤ 0), with the sole exception of the K3 surface.
Proof. By the above theorem, X is minimal. The only minimal rational or ruled surfaces are CP 2 and S 2 -bundles over Σ h , for h ≥ 0. Since the fiber of a nontrivial genus g ≥ 1 Lefschetz fibration is a homologically essential self-intersection zero class in H 2 (X), it is an elementary observation that CP 2 does not admit any Lefschetz fibrations at all. Now let a Lefschetz fibration on the minimal ruled surface X be a fiber sum of (X i , f i ), i = 1, 2. Any relatively minimal Lefschetz fibration satisfies c 2 1 (X i ) ≥ 4−4g [14, 16] [9] . Since signature is additive for fiber sum, each X i should be minimal as well. Let us now consider this remaining case.
The fiber class of a Lefschetz fibration on a ruled surface can only be mR 0 , for R 0 self-intersection zero section of the degree 0 ruling on Σ h × S 2 , whereas it is n(2R 1 +S) for R 1 self-intersection −1 section and S a fiber of the degree 1 ruling on Σ h ×S 2 . Note that in the former case mS is not an option, since by tubing between m copies of the sphere fiber we would obtain a genus 0 representative in the same homology class of positive genus fiber F , which, being a symplectic surface, should minimize the genus in its homology class. By the same argument we see that h = 0 for Σ h × S 2 , which is already the case for Σ h ×S 2 due to minimality.
Since the symplectic structure on a minimal ruled surface is unique up to deformations and symplectomorphisms [8, Theorem B], we can apply the adjunction formula and derive g(F ) = 1 + m(h − 1), and g(F ) = 1 + 4nh .
No minimal ruled surface is the total space of a nontrivial genus 1 Lefschetz fibration, so we should have m, n ≥ 2 for Σ h × S 2 and n, h ≥ 1 for Σ h ×S 2 . We conclude that g ≥ 2h i − 1 for X i = Σ hi × S 2 and g ≥ 1 + 4h i for Σ h ×S 2 . So g ≥ h 1 + h 2 − 1 if both X i are untwisted S 2 bundles. On the other hand, calculating the Euler characteristic of the fiber sum we get 4 − 4h = 4 − 4h 1 + 4 − 4h 2 + 4g − 4 , i.e. g = h 1 + h 2 − h. Substituting this in the above inequality we get h ≤ 1, and in turn, g(F ) = 1, which is not possible as we noted above. If either one of the summands is a twisted S 2 bundle we get an even sharper inequality, leading a similar contradiction. This concludes that X cannot be rational or ruled.
Lastly, if X is a minimal symplectic 4-manifold with torsion canonical class, by the adjunction equality we have 2g − 2 = e(F ) = F 2 + K · F = 0, which implies that g = 1. By the classification of genus g = 1 Lefschetz fibrations, this is only possible if X = K3.
Lefschetz fibrations with unique decompositions
We now prove our second main result of the paper: Theorem 4. There are relatively minimal genus g Lefschetz fibrations on infinitely many minimal 4-manifolds which decompose uniquely and exactly into n summands, for each fixed g, except possibly for g =2, 3, 4, 5, 7, 9, 11, 13. Proof. The result is classical for g = 1, and henceforth we will assume g ≥ 2. By Stipsicz's work in [15] , the minimum number of singular fibers of an even genus g ≥ 6 (resp. odd genus g ≥ 15) Lefschetz fibration on a symplectic 4-manifold with b + = 1 is attained by a Lefschetz fibration with 2g + 4 (resp. 2g + 10) only on
2 ). This uniqueness phenomenon in b + = 1 case is what we will exploit below, and should explain the excluded values for g in the statement of our theorem.
Depending on the parity of g, let (X 0 , f 0 ) denote the relatively minimal genus g Lefschetz fibration, with 2g + 4 (resp. 2g + 10) singular fibers when g is even (resp. odd) on the above ruled surfaces. Explicit monodromies of such fibrations are obtained by Korkmaz in [6] , from which all we need is the following: Let K = g/2 for even g even and (g − 1)/2 for odd g. It is easily seen that H 1 (X 0 ) is freely generated by the homology classes of curves {a i , b i | i = 1, . . . , K} on the fiber F ∼ = Σ g , where a i , b i are standard generators of π 1 (F ). (These generators are given in Figure 4 of [6] .) Let φ k be the self-diffeomorphism of F given by t k a1 , for any k ≥ 0. We set (X m (k), f m (k)) to be the untwisted fiber sum of (m − 1) copies of (X 0 , f 0 ) and a twisted sum with one copy of (X 0 , f 0 ), where the twisted boundary gluing is given by the fiber-preserving, orientation-reversing diffeomorphism
, so for each fixed m and g, we have an infinite family of pairwise non-homotopic 4-manifolds X m (k), for varying k ∈ N.
The rest of our arguments will work for any m ≥ 1, k ≥ 0, and g as in the statement, so let us drop the extra decorations and simply continue with (X, f ) = (X m (k), f m (k)). We claim that (X, f ) bears all the properties we listed in the theorem. By Theorem 1, X is minimal, and X 0 is indecomposable. Thus, per our construction, (X, f ) does decompose as a fiber sum of m indecomposable Lefschetz fibrations, which are all copies of (X 0 , f 0 ). We are left with showing that this is a unique decomposition. − 1) , which can be seen by standard Euler characteristic and signature calculations for fiber sums. Applying this to (X, f ) which is fiber sum of m copies of (X 0 , f 0 ), we get
no matter whether g is even and odd. Now, assume that (X, f ) can be expressed as a fiber sum of m fibrations (X i , f i ), i = 1, . . . , m, which are not necessarily decomposable (i.e. there are possibly more than m indecomposable summands). By Li's main theorem in [9] , we have the inequality c 2 1 (X i ) ≥ 2(1 − g) when X i is not ruled, and as observed by Stipsicz [14, 16] , we have c 2 1 (X i ) ≥ 4(1 − g) in general. It follows that, unless all X i are ruled, we have
which now implies g ≤ 1. As we assumed g ≥ 2, all X i should be ruled surfaces. Similarly, by using the inequality c 2 1 (X i ) ≥ 4(1 − g) alone, we can conclude that one cannot have less than m summands either.
Hence, we see that (X, f ) can only be written as a sum of exactly m Lefschetz fibrations on ruled surfaces (X i , f i ). Since it has m times the minimum number of singular fibers allowed on a ruled surface, each (X i , f i ) should attain the minimum number of singular fibers possible, which, in turn, shows that
when g is even and Σ (g−1)/2 × S 2 #8CP 2 when it is odd. This completes the proof of the theorem.
Remark 5. For the missing g values not covered in Theorem 4, we can modify our proof by employing an indeterminate nontrivial Lefschetz fibration on a ruled surface with minimal number of singular fibers as one of the summands of (X, f ). However, to strike all the essential points in the proof such as making sure that for any fiber sum decomposition of (X, f ) the summands X i are ruled, one would still need to constrain g, only allowing a couple additions to our list in the statement, while losing the explicit nature of our construction.
Remark 6. Refining our choice of fiber sum gluings (and arguments to follow), we can furthermore obtain an infinite family of Lefschetz fibrations by fiber summing two standard fibrations (X 0 , f 0 ) so that the resulting 4-manifolds are pairwise homeomorphic but not diffeomorphic. Using fibered knots with same genus g ′ but different Alexander polynomials, one can get relatively minimal genus n − 1 + 2g ′ Lefschez fibrations on knot surgered elliptic surfaces E(n), which are examples of this kind [4] . For E(2) = K3, these are in fact twisted fiber sums of the genus g Lefschetz fibrations on ruled surfaces X 0 = Σ g/2 × S 2 #4CP 2 we have used in our proof above. The examples we produced by self-sums of (X 0 , f 0 ) in the proof of Theorem 4 mimic the case of elliptic fibrations. Reflecting on the challenges with detecting the uniqueness of decompositions, the first question we have is: Question 7. Are there uniquely decomposing Lefschetz fibrations which are not self-sums of the same fibration?
Here a unique summand should be understood as a trivial self-sum.
Lefschetz fibrations convey different features depending on the symplectic Kodaira dimension of the underlying symplectic 4-manifold. We see that there are uniquely decomposing Lefschetz fibrations for all Kodaira dimensions and for almost all g ≥ 2: By Corollary 3, rational and ruled surfaces (κ = −∞), as well as symplectic 4-manifolds with torsion canonical class (κ = 0) are indecomposable. As seen in the proof of Theorem 4, we have c 2 1 (X m ) = 0 for m = 2 (κ = 1, as it cannot be 0), and c 2 1 (X m (k)) > 0 for m > 2 (κ = 2). Here, the borderline κ = 1 case appears to be the most interesting. Note that Fintushel and Stern's Lefschetz fibrations on knot surgered elliptic surfaces discussed in Remark 6 provide a large family of examples with κ = 1. We therefore ask: Question 8. Can a relatively minimal Lefschetz fibration (X, f ) with symplectic Kodaira dimension κ = 1 ever be expressed as a fiber sum of more than two Lefschetz fibrations? Can it be decomposed into two summands in more than one way?
Appendix: the minimum number of singular fibers on ruled surfaces , which states that the fiber class of a nontrivial Lefschetz fibration is primitive. However, there is a mistake in the proof of the. 1 In the nonsimply-connected case, it is claimed that the fiber class being primitive in a fiber sum of Lefschetz fibrations would imply that it is also primitive in the summands. However, this is not guaranteed due to the extra handles one gets from the regular neighborhood ν(F ) when reconstructing (X, f ) from X \ ν(F ). While we do not have a fix for this argument, we will show that all other results of [15] are correct, by employing arguments that replace the use of the problematic Theorem 1.4/2.9. Reassuring the reader of the validity of these results we have relied on in our article is the purpose of this Appendix.
Henceforth, we follow the labeling in the article [15] . There are four instances that require our attention. Theorem 1.4/2.9 is used in Lemma 4.4 and Lemma 4.7 to rule out certain cases where the fiber class would be non-primitive. In Remark 4.3, it is claimed that one can use the method described in Lemma 4.7 to prove that the minimal ruled surfaces Σ h ×S 2 and Σ h × S 2 do not admit genus g = 2h + 2 Lefschetz fibrations. Lastly, in the paragraph preceding Remark 4.8, it is claimed that one can use arguments similar to those in Lemma 4.4 to exclude the remaining cases. All these constitute parts of the proof of Theorem 1.1.
In the proof of Lemma 4.4, Theorem 2.9 is used to argue that the homology class of the fiber, which is b times a sphere fiber of a ruled surface, is only possible when b = ±1. Instead, one can observe that such a class can be represented by tubing between b disjoint copies of the sphere fiber, which therefore has a genus 0 representative. This however contradicts the fact that the positive genus fiber, being a symplectic surface, should realize the minimum genus in its homology class. Moreover, the claim that precedes Remark 4.8 is now valid, provided we substitute the use of Theorem 2.9 with the argument above.
The proof of Lemma 4.7 is rather problematic, but in this case, we can invoke [9, Proposition 4.4] , which, by a degree argument, readily states that no ruled surface over Σ h admits a genus g Lefschetz fibration with g < 2h, covering what is claimed here and more. Remark 4.3 requires a bit more work. Recall from our proof of Corollary 3 in this paper that the fiber class of a Lefschetz fibration on X = Σ h × S 2 is mR 0 , and it is n(2R 1 + S) on X = Σ h ×S 2 . We have g(F ) = 1 + m(h − 1), and g(F ) = 1 + 4nh .
Recall that no ruled surface admits a nontrivial genus 1 Lefschetz fibration. For a nontrivial Lefschetz fibration on Σ h × S 2 we should have m, h ≥ 2, and on Σ h ×S 2 n, h ≥ 1. Since the number of singular fibers is 4(g − h), provided m ≥ 3 or n ≥ 2, the assumptions g ≥ 6 for g even and g ≥ 15 for g odd force the fibration to attain more than the proposed minimum number of singular fibers. The remaining m = 2 case means g = 2h − 1, which is ruled out by [9, Proposition 4.4] again.
